
JOURNAL OF SPACECRAFT AND ROCKETS

Vol. 42, No. 2, March–April 2005

Stability of Flexible Spacecraft During a Shallow Aeroassist

Joseph R. Schultz∗ and Darryll J. Pines†

University of Maryland, College Park, Maryland 20740

For a spacecraft to make scientific measurements in the upper atmosphere, it might be necessary for the spacecraft
to “dip” into the upper atmosphere. This aeroassist maneuver presents stability challenges that are compounded
if the spacecraft contains long flexible booms. Several stability aspects that are unique to this flexible class of
spacecraft undertaking an aeroassist are examined. Using a detailed, linear model, simple analytic equations
are developed to predict the stability of spacecraft with two or four flexible booms in symmetric configurations.
In general, rearward-positioned and rearward-oriented booms help stabilize the spacecraft, but the spacecraft
becomes less stable as boom flexibility increases, particularly for forward oriented booms. Also, depending on the
spacecraft body and boom parameters, there are some configurations where the booms actually bend forward into
the flow and not backwards as might be expected.

Nomenclature
â = boom reference frame unit directions
b̂ = body reference frame unit directions
b∗ = damping constant
CD = drag coefficient
CL = lift coefficient
CM = moment coefficient
c̄ = molecular thermal speed
I = moment of inertia
k = nondimensional boom spring constant

(normalized by 1/2ρV 2
o S∗L∗)

k∗ = spring constant
L = nondimensional length of each boom

(normalized by L∗)
L∗ = length of the spacecraft body
m = mass ratio (mass of each boom normalized by m tot)
m tot = mass of the entire spacecraft
O = boom connection point
P = center of mass
q = generalized coordinates
Ro = spacecraft’s orbit radius
r = nondimensional distance of rB (normalized by L∗)
r = displacement from the boom’s center of mass to the

body connection point
rB = displacement from the body center of mass

to the boom connection point
S = surface area ratio (surface area of each boom

normalized by S∗)
S∗ = cross-sectional surface area of the spacecraft body
ŝ = spacecraft reference frame unit directions
u = generalized velocities
Vo = spacecraft’s orbit velocity
ŵ = wind reference frame unit directions
xAC = nondimensional location of aerodynamic

center (normalized by L∗)
γ = flight-path angle
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ε = momentum rebound fraction
θ = deflection angle
ξ = diffuse to specular fraction
ρ = atmospheric density
φ = boom angle

Subscripts

b, B = spacecraft body
diff = diffuse gas-surface interaction
n = boom number
o = neutral position
spec = specular gas-surface interaction
x , y, z = x , y, z direction
α = slope at neutral position

I. Introduction

M OST satellites and spacecraft fly in high enough orbits so
that they will not experience significant aerodynamic drag in

an orbital time period. However, there are some missions where a
spacecraft might wish to enter the upper regions of the Earth’s atmo-
sphere for a short period of time. These missions can be operational
or scientific in nature, such as to conduct an aeroassist for an orbital
plane change or to take magnetosphere readings in the upper atmo-
sphere. Much of the literature on aeroassist maneuvers focuses on
spacecraft with space-shuttle-like configurations, where the space-
craft is treated as a point-mass model.1,2 Because of the rigid-body
nature of these spacecraft, internal flexibility modes are usually not
of concern. Spacecraft with long, flexible booms, however, present
an extra layer of dynamics. Even in free space, instabilities can
arise that would not normally be predicted by a point-mass model.
Although the literature quite extensively covers the dynamics and
control of these flexible spacecraft in free space,3,4 there is little
analysis when those types of spacecraft undergo the aerodynamic
effects of an aeroassist.

This paper bridges that gap by developing a detailed linear
model of a flexible class of spacecraft undergoing an aeroassist.
With this model, both static and dynamic stability characteristics
will be analyzed. Additionally, analytic solutions will be devel-
oped from the model to give a spacecraft designer a better feel
for how changes to the spacecraft parameters affect the spacecraft’s
stability.

In the next section, a two-dimensional model of the spacecraft
is developed. This is followed by a discussion of the aerodynamic
forces encountered by a spacecraft in the upper atmosphere. Finally,
stability properties are addressed for spacecraft configurations with
two, four, or more flexible booms.
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II. Spacecraft Model
For analysis of the problem, a two-dimensional, linear spacecraft

model will be developed. Such a model provides an estimate of the
dynamic behavior of the spacecraft. The benefits and limitations of
the model will be discussed throughout the paper.

The spacecraft model consists of several rigid bodies with one
being the main spacecraft body (body B) and the others being any
number of booms (bodies An) attached to body B at various loca-
tions. Figure 1 shows a model of the spacecraft. For simplicity, only
two booms are shown. (Note that ŝx is the along-track orbit direction
and ŵx is the in-track orbit direction.)

To take advantage of classic stability and control analysis tech-
niques, linearized equations of motion will be developed. The largest
difficulty in this approach is to handle one of the major components
of the aerodynamics, density, because it will vary exponentially with
the orbit height of the spacecraft. Any linearization of the density
as a variation of height will cause large errors when predicting the
flight path of the satellite. However, if one limits the discussion to a
study of the dynamics of the spacecraft itself and not on the stability
of maintaining specific orbit paths, then a solution where density
is held as a constant can be used. Later, when one knows that a
particular spacecraft configuration meets the designer’s particular
stability needs, it is possible to move to a nonlinear or point-mass
model such as one by London1 or Vinh2 to evaluate the flight-path
requirements. It is likely that several of these iterations might be
done during the entire design process.

To investigate the dynamic behavior of the spacecraft across the
entire flight regime, snapshots at various altitudes (densities) can be
taken. Of greatest interest is the altitude where the aerodynamics
will have the greatest effect. This occurs at the spacecraft’s perigee
where it is at the bottom of its atmospheric dip. It is here where
the dynamics are the most interesting, and it is here where all of
the following analysis will take place. At the perigee point, the
spacecraft’s trajectory can be approximated as straight and level
at a constant altitude. At this point of level flight, a flat-Earth dy-

Fig. 1 Spacecraft model.

namic model can be used without loss of detail. Assuming a flat-
Earth model, the gravity force is omitted in the equations of motion.
It will be assumed that any gravity-gradient forces affecting the
spacecraft can be ignored in comparison to the aerodynamic force
strength.

A. Structural Modeling of the Booms
The booms will be modeled as rigid bodies connected to the main

body by a linear, torsional spring. This will capture the first mode
of vibration in the dynamics. The angle between the boom and the
body (φn in Fig. 1) can be comprised of the boom’s undeflected or
neutral position θno and the boom’s deflection θn from this position:

φn = θno + θn (1)

To aid in linear analysis, it will be assumed that θn is small. The
linear spring’s reaction moment MRn between boom n and the main
body is, classically,

MRn = (−b∗
n θ̇n − k∗

nθn

)
ŝy (2)

B. Aerodynamic Force Modeling
In many cases, the flight path of the spacecraft will be confined

to an altitude of 120 km above the Earth’s surface and higher in or-
der to minimize drag and large heating rates. At these altitudes,
a rarefied gas-surface interaction model will be needed. A rar-
efied aerodynamic model is appropriate for flows where the Knud-
son number is much greater than one (Ref. 5). Therefore, such a
model is appropriate when a moderate-sized spacecraft is confined
to fly 120 km above the Earth’s surface and higher. If flight lower
than 120 km is desired, a different aerodynamic model would be
needed.

Lewis6 and Bowman7 provide formulas for lift and drag forces
under diffuse and specular gas-surface interactions expected in
rarefied flow. By converting their equations into the standard
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notation of

Lift = 1
2 ρV 2

o S∗CL (3a)

Drag = 1
2 ρV 2

o S∗CD (3b)

the lift and drag coefficients for a flat surface can be written as

CDspec = 2[sin α + c̄/(4Vo)](1 − ε cos 2α) (4a)

CLspec = 2[sin α + c̄/(4Vo)]ε sin 2α (4b)

CDdiff = 2[sin α + c̄/(4Vo)]
(
1 + ε 2

3 sin α
)

(4c)

CLdiff = 2[sin α + c̄/(4Vo)]ε 2
3 cos α (4d)

CD = ξCDspec + (1 − ξ)CDdiff (5a)

CL = ξCLspec + (1 − ξ)CLdiff (5b)

where α is the angle between a spacecraft surface and the incoming
flow and c̄/Vo is the thermal speed ratio.

The spacecraft body, however, is typically a complex shape con-
sisting of many flat surfaces. To find the overall lift and drag coef-
ficients of the body using the preceding equations, the lift and drag
could be calculated over each surface of the body and the results
integrated to provide the overall lift and drag coefficients. However,
such detail is beyond the scope of this paper, and it will be assumed
that these values are already provided. Bowman7 and Sentman8

provide analysis that could be used to determine the coefficients
of the body.

Fortunately, such detail is not necessary for the spacecraft booms.
Under the gas-surface parameters that are likely to be encountered—
high orbital speeds, small momentum rebound fraction, and dif-
fuse behavior—surface features are effectively diminished, and the
booms can be modeled as flat plates.9 With the flat-plate assump-
tion, Eqs. (4a–5b) will be used for the coefficients of the entire boom
with α as the angle the booms make with the flow direction.

To comply with the linear form, the boom’s lift and drag coeffi-
cients can be written as

CL = CLo + CLαα (6a)

CD = CDo + CDαα (6b)

where the coefficients are calculated from Eqs. (4a–5b) at α = θo:

CLo = CL |α = θo (7a)

CDo = CD|α = θo (7b)

CLα = ∂CL

∂α

∣
∣∣∣
α = θo

(8a)

CDα = ∂CD

∂α

∣∣
∣∣
α = θo

(8b)

C. Equations of Motion
The equations of motion can be generated using Kane’s method,10

which is the Lagrange form of d’Alembert’s principle. For simplic-
ity, a spacecraft with only two booms will be derived here. Once
the equations of motion are generated for a two-boom spacecraft,
the form of the equations will be readily apparent for a spacecraft
of any number of booms. Later, results for a four-boom spacecraft
will be shown but not derived.

The Appendix provides details for the development of the equa-
tions of motion for a two-boom spacecraft. The equations of motion
that result can be placed in the state-space form of

ẋ = Ax + xo (9)

where the dependant variables in the x array are the nondimensional-
ized linear and angular accelerations and velocities of the spacecraft
body and booms and the xo array is a nondimensionalized force or
torque per mass constant as described in the Appendix.

With this A matrix determined, one can examine its eigenvalues
for dynamic stability analysis, investigate control issues, and con-
duct computer simulations. The elements of this A matrix are also
summarized in the Appendix.

III. Stability Analysis
To examine the behavior of a flexible spacecraft undertaking an

aeroassist, a spacecraft with just two booms in a symmetric config-
uration will be used for simplicity (Fig. 2). With this configuration,
the booms are assumed to have identical properties. The spacecraft
is assumed to be symmetric about the spacecraft body’s centerline
with its center of mass located on the centerline. The booms are also
assumed to be placed together somewhere along the centerline. For
the two-boom symmetric spacecraft configuration, it can be shown
that Eq. (9) is in the form given in the Appendix [Eq. (A31)]. Many
things can be ascertained from this simple model, which can be
transferred to a spacecraft with more booms if desired. Figure 3 is
an example of a symmetric four-boom spacecraft.

A. Quasi-Static Solution
In many applications, it is important to know how far booms

will bend during the aeroassist. If the booms represent antenna
or scientific instruments, proper alignment can be important, and
knowledge of the boom position might be required for signal
compensation.

To determine the amount of deflections the booms experience, a
quasi-static solution can be found from the equations of motion for
a two-boom spacecraft. This solution can be found by assuming the
spacecraft is in stable and level flight so that there is no net pitching
of the body or net vertical movement in the z direction. However,
drag on the spacecraft will decelerate it, and that deceleration will
still need to be captured: hence a quasi-static solution. By setting
all of the states in Eq. (9) to zero except for the deceleration of the
spacecraft and the boom deflections, the quasi-static solution can be
found from Eq. (A31) to be



ẍ/Vo

θ1

θ2



 = 1

a2
49 − a2

59

×


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
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(10)

Fig. 2 Two-boom symmetric
spacecraft.

Fig. 3 Four-boom symmetric
spacecraft.
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Fig. 4 Boom deflections for various ratios and position angles.

Or, simplifying for the deflections,

θ1 = −x04/(a49 − a59) (11)

(Note that because of the symmetric nature, θ = θ1 = −θ2.)
Substituting in the appropriate expressions and including the

terms of the quasi-linear M matrix from the Appendix [Eq. (A27)],
it can be shown that

θ = − m11b41 − (m14 + m24q4)b11

m11k + m11k43 − 2(m14 + m24q4)k14
(12)

Or, after substituting the appropriate variables,

θ = [−(m/S)CDbo + (1 − 2m)CDo]sθo + CLocθo

2k/SL + [(m/S)CDbo − (1 − 2m)CDo − CLα]cθo + [−1(1 − 2m)CDα + CLo]sθo
(13)

The coefficients CLo, CDo, CLα , and CDα are the aerodynamic co-
efficients that correspond to the top-most boom in the two-boom
configuration. Also, sθo and cθo are abbreviations for sin(θo) and
cos(θo), respectively.

The deflection of the booms depends only on a few variables and
ratios: the mass ratio m, a ballistic coefficient-like ratio (mCDbo)/S,
a spring constant ratio (2k)/(SL), and the boom angle θo. For a
given set of gas-surface interaction parameters, CLo, CDo, CLα , and
CDα only depend on θo.

Figure 4 shows the boom deflections for several mass and surface
ratios of the booms. For simplicity, CDbo was set to a value of 3, L
at 2, and k at 4 for the graph.

It would be expected that as a result of the oncoming flow the
booms would bend farther back (have a positive boom deflection
angle). However, as one examines Fig. 4, there are many combina-
tions of mass and surface ratios that lead to negative boom deflection
angles: the booms bend forward into the flow. The reason for this
is that one needs to take into account the fact that the body of the
spacecraft is also experiencing deceleration caused by drag. For
some combinations of ratios, the deceleration of the body is greater
than that of the booms, and, thus relative to the body, the booms
will end up deflecting forward. The absolute deceleration of the
main body does not have to be large at all, but it just needs to be
larger than the booms’ for the booms to go forward. Whether or not
the booms bend forward or back depends on the booms’ and body’s
ballistic coefficients, (mCDbo)/S.

As seen by the graph, variations in the mass and surface-area
ratios produce different boom deflections. The variation of the
spring constant and body drag coefficient also result in changes
to the curves but, generally, not the overall shape. Typically,
the drag coefficient for the body could vary between two and

four. In this range, the curves shown in the figure will not
change very much in shape or amplitude, especially when m is
small.

The variation of the spring constant, however, can bring out a
dramatic change in the amplitude of the graphs. As expected, as the
spring constant gets smaller, the booms will bend more. As the spring
constant gets larger, the booms will bend less. In most cases, varying
the spring constant does not change the shape of the curves, just the
amplitudes. Still, one needs to be mindful of the linear approxima-
tions used in the analysis. If the spring constant is so small as to allow
the booms to deflect a large amount, the equations might no longer be
applicable.

B. Dynamic Stability
If a particular set of booms meets the static deflection require-

ments of the spacecraft, it is important to check that the booms
will meet the spacecraft’s dynamic stability requirements. Given
a main body without extra stabilizing characteristics, it would be
expected that a rearward-positioned, rearward-facing boom config-
uration would be stable and a forward-positioned, forward-facing
boom configuration would be unstable. It is the same expectation
that shooting an arrow with its tail feathers in the back produces nice,
stable flight, but shooting it with the feathers in the front will cause
erratic, unstable behavior. To see whether this is true, an eigenvalue
analysis was conducted for various boom configurations. One can
determine stability by calculating the eigenvalues of the A matrix
in Eq. (9). If all of the eigenvalues are negative, then the system is
stable. If there is one or more positive eigenvalues in the group, then
the system is unstable. The goal is to derive an analytic solution
that will predict the existence of positive eigenvalues and thus the
stability of a spacecraft design.

Because there are no horizontal or vertical constraints on the
spacecraft, there is no preferred horizontal or vertical position.
Therefore, the A matrix will always have at least two eigen-
values of zero corresponding to the rigid-body modes of the
spacecraft. There are also two eigenvalues corresponding to the
velocity of the spacecraft. Because the maintenance of stable or-
bits is not being considered in this analysis, those translational
eigenvalues will be ignored when determining the existence of
the nonnegative eigenvalues that produce rotational and vibrational
instabilities.

Finding the eigenvalues of a large matrix can be easily accom-
plished numerically with standard software packages. By generating
the value of the determinant of the A matrix (where, in this equation,
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I is the identity matrix),

det(λI − A) = 0 (14)

a 10th-order polynomial is produced, and solving for λ provides the
eigenvalues.

Determining the eigenvalues analytically, however, is both
lengthy and difficult. The process can be greatly simplified if one
considers only whether the eigenvalues are positive or negative, not
on their exact values. Although features like settling time or peak
amplitude will not be determined, at least the designer can see the
dividing line between the stable and unstable spacecraft configu-
rations. The polynomial also can be reduced to sixth order if the
translational eigenvalues are removed.

By using Routh’s stability criteria11 on this sixth-order polyno-
mial, the exact solution of the 10th-order polynomial can be avoided
completely. Instead, several smaller inequalities are generated that
need to be satisfied. Of the six inequalities that need to be satisfied,
five are consistently satisfied with realistic spacecraft parameters
(such as requiring mass to be positive, surface area positive, etc.).
However, one of those inequalities is satisfied with only a certain
set of spacecraft parameters. It is this inequality that determines the
stability and provides an analytic solution to the stability problem.
It can be shown that if the following inequality is satisfied by the
following elements of the A matrix given in the Appendix,

[a38a49 − (a48 + a58)a39] > 0 (15)

the spacecraft is stable.
Substituting in the appropriate expressions into the equation will

produce a rather lengthy expression; however, it can be simplified
if a couple of assumptions are made. The assumptions are that the
mass of the booms is small, and the effective aerodynamic surface
area of the booms is reasonably large, that is,

m � 1 (16a)

S/(mCDbo) � 1 (16b)

Under these assumptions, the result of Eq. (15) can be reduced and
rearranged to

CMbα

SL
<

−{[2k/SL − (2r/L)CDo][(CDα − CLo)sθo + (CLα + CDo)cθo] + (2r/L)(2k/SL)(CLα + CDo)}
[2k/SL − (CDα − CLo)sθo + (CLα + CDo)cθo]

(two-boom case) (17)

Although not directly derived, a similar stability expression can
be derived for the four-boom spacecraft configuration under the
same assumptions:

CMbα

SL
<

−2{[2k/SL − (2r/L)CDo][(CDα − CLo)sθo + (CLα + CDo)cθo]2 + (2r/L)(2k/SL)2(CLα + CDo)}
{(2k/SL)2 − [(CDα − CLo)sθo + (CLα + CDo)cθo]2}

(four-boom case) (18)

All of the stability parameters in Eqs. (17) and (18) relate to the
spacecraft booms except for one CMbα . This term comes from the
aerodynamic moment produced on the body of the spacecraft as the
body’s angle to the incoming flow changes. That is, for the spacecraft
body (written in linear form),

CMb = CMbo + CMbα(θb + γ ) (19)

Note that for a symmetric spacecraft body CMbo = 0.
Generally, for a symmetric spacecraft, when the moment slope

coefficient CMbα is negative, the spacecraft will produce a restoring
moment to return the spacecraft to its neutral, level position (no angle
of attack) if it is disturbed from that position, making it stable. If
CMbα is positive, the spacecraft will produce a moment, if disturbed,

away from its neutral position, making it unstable. If the spacecraft
had no booms, then this term alone would determine the spacecraft’s
stability. The booms, however, will affect the entire spacecraft’s
stability.

The term CMbα is also an important spacecraft parameter because
for a symmetric spacecraft body it can be shown12 that the aerody-
namic center, xAC and CMbα are related by the equation

CMbα = (CDbo + CLbα)xAC (20)

Thus, CMbα is important in determining the aerodynamic center
of the spacecraft if the location of the center of gravity is known.

IV. Dynamic Stability Results
Unless specified otherwise, the spacecraft and atmospheric pa-

rameters in Table 1 will be used to help discuss the stability results.
These parameters are representative of a planned spacecraft design
that will be discussed in the next section.

Using the analytic stability equations (17) and (18), the first study
will look at which spacecraft body values of CMbα are required for
stability as boom location and orientation change. To simplify the
study, the spring constant k will be set to a very large value (infinity)
to simulate a rigid vehicle. This will show how the boom orientation
and location normally play a role in overall spacecraft stability.
Later, k will be shown for various values to show what role boom
flexibility plays in stability.

A. Two-Boom Spacecraft
With k fixed at a large value for rigidity, Fig. 5 shows the stability

for various values of CMbα , boom location, and boom orientation.
Any value of CMbα above a designated line in Fig. 5 produces an un-
stable configuration, whereas any value of CMbα below a designated
line produces a stable spacecraft configuration. Basically, with a
given boom orientation and location, the spacecraft body will need
to be designed to have its CMbα lie below the appropriate line in
order for the entire spacecraft to be stable.

As seen in the figure, a spacecraft with booms located near the
front of the spacecraft (positive r values) tends to be less stable than
one with booms located near the rear of the spacecraft (negative

r values). Additionally, spacecraft with forward-angled booms (0–
90 deg) generally tend to be less stable than those with rearward-
angled booms (90–180 deg). This means that a spacecraft with

Table 1 Nominal spacecraft parameters

Variable Value

L∗ 5.0 m
L 2.0
S∗ 1.0 m2

S 0.2
k 4.0
r −0.5
CDbo 3.0
CLbα 0.5
ε 0.2
ξ 0.1
c̄/Vo 0.1
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Fig. 5 Stability line for different boom locations, two booms, rigid.

Fig. 6 Stability line for different spring constants, two booms, r = 0.

forward-facing booms near the front of the spacecraft will require
a much more stable spacecraft body design (larger negative CMbα)
than a spacecraft with booms near the rear and/or rearward-facing
booms.

However, because this study concerns itself with flexible boom
structures, it is important to look at how flexibility plays a role in
stability. With the booms fixed to the body at the body’s center
of gravity (r = 0) for simplicity, Fig. 6 shows how the allowable
range of CMbα changes as k is varied to see what effect the boom
stiffness plays in stability. (Note that similar graphs are produced
for all ranges of r except that the results are translated up and down
similar to Fig. 5.)

In general, the stiffer the booms, the more stable a spacecraft
will be. Booms with a lower spring constant tend to destabilize
the spacecraft. This effect is most pronounced when the booms are
forward facing as compared to when they are rearward facing.

At a few boom angles, the CMbα stability range line is the same
for all values of boom spring constants. This occurs near 0, 90,
and 180 deg. (These are the locations at all values of r , too.) This
is because the aerodynamic forces that produce a moment at the
spacecraft body through the spring do not change (linearly) when
the boom angle changes slightly from these positions. Therefore,
at these angles the contribution of the booms to the overall space-
craft stability is zero, and stability is independent of the boom stiff-
ness. The stability requirements change the most near-boom an-
gles of 45 and 135 deg because the aerodynamic moment from the

booms has the greatest variance here as the boom angle changes.
This moment change modifies the effective spring constant of the
boom the most at these points, and hence the stability is affected
the most.

It is also seen that the forward-facing booms are more sensitive
to changes in k than rearward-facing booms. By examining the de-
nominator of Eq. (17), one can see that the aerodynamic moment
of the booms either adds or subtracts from spring constant. For
forward-facing booms, the spring constant is effectively lowered;
for rearward-facing booms, the spring constant is effectively in-
creased. The aerodynamic moment is usually small compared to the
spring moment, but if the spring moment is also small the resulting
difference between the two orientations is pronounced. Hence it is
easier to destabilize a spacecraft with forward-facing booms when
the booms are very flexible.

Finally, it might be assumed that there is a correlation between
boom deflection amounts and stability. Certainly, both depend on
the value of k, but the correlation is not direct. The largest boom de-
flections occur near 90-deg boom orientations where a larger boom
surface area is exposed; however, that is not where the largest sta-
bility differences occur with changing k. It is how the aerodynamic
moments change the effective spring constant and not the boom
deflections directly that determines stability.

B. Four-Boom Spacecraft
Similar analysis can be done for a spacecraft with four booms.

With k fixed at a large value for rigidity, Fig. 7 shows the stability for
various values of CMbα , boom locations, and boom orientations for
a four-boom spacecraft. As with the two-boom spacecraft, a four-
boom spacecraft with booms located near the front of the spacecraft
tends to be less stable than one with booms located near the rear of
the spacecraft.

With the four-boom spacecraft, however, there is no net forward-
facing or rearward-facing orientation. There are always two booms
facing forward and two booms facing rearward. Because of this,
when r = 0 for a rigid spacecraft, there is no boom angle that is
more or less stable than another in the four-boom configuration. If
the booms are attached to the rear of the body’s center of gravity
(r < 0), then the spacecraft gets more stable as the booms get more
perpendicular, but if r > 0, then the spacecraft gets less stable as
the booms get more perpendicular. Therefore, boom positioning
plays more of an interesting role in stability than in the two-boom
case.

As with the two-boom case, the four-boom case can also be exam-
ined under flexible boom conditions. With r fixed at 0 for simplicity,
Fig. 8 shows how the allowable range of CMbα changes as k is varied
to see what effect the boom stiffness plays in stability. Again, booms

Fig. 7 Stability line for different boom locations, four booms, rigid.
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Fig. 8 Stability line for different spring constants, four booms, r = 0.

Fig. 9 GEC spacecraft (courtesy NASA Goddard).

with a lower spring constant tend to destabilize the spacecraft. The
same discussion on the aerodynamic moment produced from the
booms also applies. The effect on the spring constant is greatest
when the booms are near 45 deg in the flow with minimal effect
when they are at 0 or 90 deg.

C. Six-Boom Spacecraft in Orthogonal Configuration
The results from the two- and four-boom cases can used as a

guide to investigate the stability of six-boom spacecraft proposed
by NASA Goddard. The Geospace Electrodynamics Connections
Mission (GEC)13 spacecraft currently being designed by NASA at
Goddard is a key example of a flexible spacecraft undergoing a
shallow atmospheric pass. Its goal is to measure the Earth–sun elec-
tromagnetic interaction near the Earth.

The spacecraft has six long booms that hold instruments that mea-
sure the local electrical and magnetic field. An illustration of the
spacecraft is shown in Fig. 9. One of the key missions of the space-
craft is to dip into the upper atmosphere (approximately 130 km
above the Earth’s surface) to take field readings at those altitudes.
In this rarefied atmospheric region there will be significant aerody-

namic loading on the booms and spacecraft. A potential concern is
that the booms may cause instabilities.

The boom positions for the GEC configuration are fixed in an
orthogonal arrangement with four booms at 45-deg angles in the
pitching plane and two booms at 90-deg angles in the yawing plane.
Because there are booms placed at 45-deg angles to the flow, boom
stiffness will play a significant factor in determining the overall
stability of the spacecraft as seen in both the two- and four-boom
examples.

Three options could mitigate any stability problems: make CMbα

more negative, increase k, or use a different boom configuration.
The first could be accomplished by moving more of the weight of
the spacecraft forward to increase xac, which would make CMbα a
larger negative value. The second could be accomplished by in-
creasing the stiffness of the four booms in pitch plane. And for
the third option, the orthogonal configuration that is least sensitive
to boom stiffness is where the four booms in the pitch plane have
two booms at a 0-deg angle and two booms at a 90-deg angle to
the flow.

The exact analytic relationship of the stability variables in the
six-boom configuration is more complex to derive because of the
aerodynamic coupling between the pitch and yaw planes, but it is
expected that the same trends derived for the two- and four-boom
configurations will be seen. Coupled stability equations for the six-
boom orthogonal configuration will need to be developed in order
to confirm these trends, and the development of those equations will
be the goal of future research in the area.

V. Conclusions
This paper developed a viable first-order model to address the

stability concerns of a flexible spacecraft undergoing an aeroas-
sist maneuver. The resulting analytic solutions make it easier
to predict and understand how changing a spacecraft parame-
ter affects its stability. Although they are linear approximations,
they provide more physical insight than what numerical solu-
tions can provide. Both quasi-static solutions and dynamic sta-
bility characteristics can be studied for several flexible spacecraft
configurations.

For spacecraft with attached booms, the boom deflections during
an aeroassist can be predicted from the quasi-static stability equa-
tion. During flight through the atmosphere, the spacecraft’s booms
might not always bend backwards as one might expect. The deflec-
tions will depend on the spacecraft’s properties. With large boom
mass ratios and low boom surface-area ratios, the booms might ac-
tually bend forward in flight.

For most spacecraft, however, the main body of the spacecraft
is much more massive than the booms, but the booms have a rea-
sonable amount of surface area exposed to the airflow. Under these
conditions, analytic solutions were found to predict the dynamic
stability or instability of a particular spacecraft design.

In general, rearward-positioned and rearward-facing booms were
more stable than booms located near the front of the spacecraft
or those that were forward facing. Additionally, spacecraft con-
figurations become less stable as the booms’ spring constants
become lower. This effect is most prominent when the booms
are forward facing. In particular, the stability sensitivity is great-
est when the booms are configured in a 45-deg angle with the
flow.

Appendix: Derivation
Kane’s method10 is used to generate the equations of motion for

a two-boom spacecraft. For a two-boom spacecraft in two dimen-
sions, five generalized coordinates and five generalized velocities
are needed to describe the system. Referring to Fig. 1, define

q1 = (x − Vot)/Ro (A1a)

q2 = (z − Ro)/Ro (A1b)

q3 = θb (A1c)
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q4 = θ1 (A1d)

q5 = θ2 (A1e)

u1 = (ẋ − Vo)/Vo (A2a)

u2 = ż/Vo (A2b)

u3 = θ̇b (A2c)

u4 = θ̇b + θ̇1 (A2d)

u5 = θ̇b + θ̇2 (A2e)

with t as time and θ1 and θ2 defined by Eq. (1). Such a selection will
aid in linearizing the equations of motion because those generalized
coordinates and velocities will typically take on small values.

The angular and linear velocity of each body member’s center of
gravity is

sωPB = u3ŝy (A3a)

sωPn = u3 + n ŝy (A3b)

srPB = (Vou1 + Vo)ŝx + (Vou2)ŝz (A3c)

srPn = (Vou1 + anu3 + cnu3 + n + Vo)ŝx

+ (Vou2 + bnu3 + dnu3 + n)ŝz (A3d)

where, for n = 1, 2

an = rBnzcq3 − rBnxsq3 (A4a)

cn = −(Ln/2)
[
sθno + q(3 + n)cq3 + cθno + q(3 + n)sq3

]
(A4b)

bn = −rBnxcq3 − rBnzsq3 (A4c)

dn = −(Ln/2)
(
cθno + q(3 + n)cq3 − sθno + q(3 + n)sq3

)
(A4d)

[Note that sx and cx are abbreviations for sin(x) and cos(x), respec-
tively.]

The partial velocities are chosen to be

u1 u2 u3 u3 + n

vPB Voŝx Voŝz 0 0

vPn Voŝx Voŝz an ŝx + bnŝz cn ŝx + dnŝz

ωPB 0 0 ŝy 0

ωPn 0 0 0 ŝy

(A5)

The velocities and partial velocities can be linearized by replacing
the a, b, c, and d terms in Eqs. (A4a–A4d) by their linear expres-
sions:

an = rBnz − rBnxq3 (A6a)

cn = −(Ln/2)(sθno + cθnoq3 + cθnoq3 + n) (A6b)

bn = −rBnx − rBnzq3 (A6c)

dn = −(Ln/2)(cθno − sθnoq3 − sθnoq3 + n) (A6d)

The full linearization of the terms will occur if the terms q3, q4, and
q5 are dropped in the preceding equations [(A6a–A6d)]. However,
this quasi-linear form will be needed in the quasi-static deflection
analysis. The simpler full linearization, though, is all that is needed
for the dynamic stability analysis.

The accelerations in the generalized form are
sω̇PB = u̇3ŝy (A7a)

sω̇Pn = u̇3 + n ŝy (A7b)

sr̈PB = Vou̇1ŝx + Vou̇2ŝz (A7c)

sr̈Pn = (Vou̇1 + anu̇3 + cnu̇3 + n)ŝx

+ (Vou̇2 + bnu̇3 + dnu̇3 + n)ŝz (A7d)

The inertial forces can be written as

R∗
PB = −mb

sr̈PB (A8a)

R∗
Pn = −mn

srPn (A8b)

T∗
PB = −Ib

sω̇PB (A8c)

T∗
Pn = −In

sω̇Pn (A8d)

The generalized inertial forces are generated by (for m = 1, . . . , 5)

F∗
m = vPB

m · R∗
PB + vP1

m · R∗
P1 + vP2

m · R∗
P2 + ωPB

m · T∗
PB

+ωP1
m · T∗

P1 + ωP2
m · T∗

P2 (A9)

The spring-moment torques are

TS
PB = [k1q4 + k2q5 + b1(u4 − u3) + b2(u5 − u3)]ŝ2 (A10a)

TS
Pn = −[knq3 + n + bn(u3 + n − u3)]ŝ2 (A10b)

Similarly, the generalized spring moment forces F S are generated
by Eq. (A9) but replacing the ∗ superscript with the S superscript.

The aerodynamic forces are (in the w frame)

RA
PB = − 1

2 ρV 2
PB SbCDbŵx − 1

2 ρV 2
PB SbCLbŵz (A11a)

RA
Pn = − 1

2 ρV 2
Pn SnCDnŵx − 1

2 ρV 2
Pn SnCLnŵz (A11b)

With the rarefied gas aerodynamic model and assumed constant
shape and size throughout the boom’s length, there is no aerody-
namic torque acting on the boom’s center of mass. However, there
might be an aerodynamic torque acting on the spacecraft body’s
center of mass. This can be expressed either by the lift and drag
of the body acting about an aerodynamic center, or by a separate
torque moment about the body’s center of gravity as follows:

T A
PB = (xacb̂x + zacb̂z) × (− 1

2 ρV 2
PB SbCDbŵx − 1

2 ρV 2
PB SbCLbŵz

)

= 1
2 ρV 2

PB Sb LbCMbŵy (A12)

The airflow velocities at each body’s center of mass can be ap-
proximated by

V 2
PB = V 2

o + 2V 2
o u1 (A13a)

V 2
Pn = V 2

o + 2V 2
o u1 + 2Voanu3 + 2Vocnu3 + n (A13b)

where the a and c terms are as defined earlier.
The flight-path angle is approximated by

γ = tan−1 Vz

Vx
≈ Vz

Vx
= Vou2

Vou1 + Vo
= u2

u1 + 1
≈ u2 (A14)

The lift and drag coefficients are linearized by

CDb = CDbo + CDbααb (A15a)

CLb = CLbo + CLbααb (A15b)

CDn = CDno + CDnααn (A15c)

CLn = CLno + CLnααn (A15d)
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where

αb = γ + θb = u2 + q3 (A16a)

αn = γ + θb + θn = u2 + q3 + q3 + n (A16b)

With the substitutions and conversion to the s frame, the gener-
alized aerodynamic forces can be similarly computed by Eq. (A9)
but replacing the ∗ superscript with the A superscript.

The equations of motion are generated by setting

F∗ + FA + FS = 0 (A17)

The result is an expression in the form

M u̇ = Bu + K q + fo (A18)

For a two-boom, symmetric spacecraft, many simplifications can
be made. The symmetric spacecraft will have a boom configuration
as pictured in Fig. 2. The booms are assumed to have identical
properties. The spacecraft is assumed to be symmetric about the
spacecraft body’s centerline with its center of mass located on the
centerline. The booms are also assumed to be placed at the same
location somewhere along the centerline. For this type of spacecraft,
the matrices will assume the following form:

M = m tot L
∗2






m11 0 0 m14 −m14

0 m11 m23 m24 m24

0 m23 m33 m34 m34

m14 m24 m34 m44 0

−m14 m24 m34 0 m44






(A19)

K = −1

2
ρV 2

o S∗L∗






0 0 k13 k14 −k14

0 0 k23 k24 k24

0 0 k33 k34 − k k34 − k

0 0 k43 k43 + k 0

0 0 k43 0 k43 + k






(A20)

B = −1

2
ρV 2

o S∗L∗






b11 k13 0 b14 −b14

0 b22 0 b24 b24

0 k33 2b b34 − b b34 − b

b41 k43 −b b44 + b 0

−b41 k43 −b 0 b44 + b






(A21)

fo = −1

2
ρV 2

o S∗L∗ 1

2







f11

0

0

f41

− f41







(A22)

The matrix coefficients are

m11 = V 2
o

L∗2
(A23a)

m14 = −
(

Vo

L∗

)
m

(
L

2

)
sθo (A23b)

m23 = −2

(
Vo

L∗

)
mr (A23c)

M = m tot L
∗2








m11 0 m23q3 m14 + m24q3 + m24q4 −m14 + m24q3 + m24q5

0 m11 m23 m24 − m14q3 − m14q4 m24 + m14q3 + m14q5

m23q3 m23 m33 m34 + m35q4 m34 − m35q5

m14 + m24q3 + m24q4 m24 − m14q3 − m14q4 m34 + m35q4 m44 0

−m14 + m24q3 + m24q5 m24 + m14q3 + m14q5 m34 − m35q5 0 m44








(A27)

m24 = −
(

Vo

L∗

)
m

(
L

2

)
cθo (A23d)

m33 = I ∗
b + 2mr 2 (A23e)

m34 = m

(
L

2

)
rcθo (A23f)

m35 = −m

(
L

2

)
rsθo (A23g)

m44 = 1
3 mL2 (A23h)

b11 = 2

(
Vo

L∗

)
(CDbo + 2SCDo) (A24a)

b14 = −SLCDosθo (A24b)

b24 = −SLCLosθo (A24c)

b22 =
(

Vo

L∗

)
[(CDbo + CLbα) + 2S(CDo + CLα)] (A24d)

b41 = −SL(CDosθo + CLocθo) (A24e)

b34 =
(

L∗

Vo

)
SLrCLosθo (A24f)

b44 =
(

L∗

Vo

)
S

(
L2

2

)
(CDosθo + CLocθo)sθo (A24g)

k13 =
(

Vo

L∗

)
CDbα (A25a)

k14 =
(

Vo

L∗

)
SCDα (A25b)

k23 =
(

Vo

L∗

)
(CLbα + 2SCLα) (A25c)

k24 =
(

Vo

L∗

)
SCLα (A25d)

k34 = −SrCLα (A25e)

k33 = −CMbα − 2Sr(CLα + CDo) (A25f)

k43 = − 1
2 SL[(CDα − CLo)sθo + (CLα + CDo)cθo] (A25g)

k = 2k∗

ρV 2
o S∗L∗ (A26a)

b = L∗

Vo

2b∗

ρVo S∗L∗2
(A26b)

Note that the coefficients CLo, CDo, CLα , and CDα are the aero-
dynamic coefficients that correspond to the top-most boom in the
two-boom configuration.

(Note that the form for M is for the fully linearized form.) As
already mentioned, sometimes the quasi-linear form will need to be
used. The quasi-linear form for the M matrix is
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If one assumes that the mass ratio m is very, very small (� 1), then the inverse of M can be shown to be

M−1 = 1

m tot L∗2






1

m11
0 0 − m14

m11m44

m14

m11m44

0
1

m11
−m23m44 − 2m24m34

m11m33m44
− m24

m11m44
− m24

m11m44

0 −m23m44 − 2m24m34

m11m33m44

1

m33
− m34

m33m44
− m34

m33m44

− m14

m11m44
− m24

m11m44
− m34

m33m44

1

m44

m11m2
34 + m33

(
m2

24 − m2
14

)

m11m33m2
44

m14

m11m44
− m24

m11m44
− m34

m33m44

m11m2
34 + m33

(
m2

24 − m2
14

)

m11m33m2
44

1

m44






(A28)

Equation (A18) can be written in linear form as
[

u̇

q̇

]
=

[
M−1 B M−1 K

G 0

][
u

q

]
+

[
M−1fo

0

]
(A29)

where G is the differential relationship between the generalized
coordinates and generalized velocities from Eqs. (A1a–A2e).

The results are in the state-space form of

ẋ = Ax + xo (A30)

which, when the operations in Eq. (A29) are carried out, will be in
the form






u̇1

u̇2

u̇3

u̇4

u̇5

q̇1

q̇2

q̇3

q̇4

q̇5






= −1

2

ρV 2
o S∗

m tot L∗











a11 a12 0 a14 −a14 0 0 a18 a19 −a19

0 a22 a23 a24 a24 0 0 a28 a29 a29

0 a32 a33 a34 a34 0 0 a38 a39 a39

a41 a42 a43 a44 a54 0 0 a48 a49 a59

−a41 a52 a43 a54 a44 0 0 a58 a59 a49

a61 0 0 0 0 0 0 0 0 0

0 a61 0 0 0 0 0 0 0 0

0 0 a83 0 0 0 0 0 0 0

0 0 a83 −a83 0 0 0 0 0 0

0 0 a83 0 −a83 0 0 0 0 0











u1

u2

u3

u4

u5

q1

q2

q3

q4

q5






+






x01

0

0

x04

−x04

0

0

0

0

0











(A31)
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